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SUMMARY

Hansen's method of partial anomalies is described and
his application of the method to Encke's comet is discussed.
The principle innovation of the method is to divide the el-
lipse of the perturbed body into a small number of seg-
ments. In each segment an independent variable closely
related to the conventional anomalies is selected in order
that the series representing the perturbations is strongly
convergent within the segment but is invalid outside of it.
A different set of series is obtained for each segment of the
ellipse. In the case of high eccentricity, these series can be
made much more convergent than the conventional series.

This method may be applied to the determination of the
perturbations of artificial satellites and space probes with
highly eccentric orbits. The "IMP and AIMP' type satellites
and probes to Venus, Mars, or Jupiter could be handled by
this theory. In fact, any celestial object, natural or arti-
ficial, with an eccentricity greater than about 0.50 may be
very efficiently dealt with by means of the method of partial
anomalies. This method has the great advantage of being
rapidly convergent for all eccentricities and of being
semianalytic.
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AN EXPOSITION ON
HANSEN'S METHOD OF PARTIAL ANOMALIES

by
George E. McCluskey, Jr.
Goddard Space Flight Center

INTRODUCTION

The perturbations which one planet produces on another or on a comet depend on the mean
anomalies of the two bodies. The perturbations may be expressed in the form:

ZZP"" sin (ig i1 gl P.,x’)

1 it

where p, ,» and P, , are functions of the elliptic orbital elements of the two bodies and of i and i’
which are integers, i extending from 1 to » and i’ from -: to +-. The mean anomaly of the per-
turbed body is g while that of the perturbing body is ¢ '.

If one of the bodies has an orbit of high eccentricity and is highly inclined with respect to the
other, the above series will converge very slowly,if at all. In the case of a comet the radius vector
may at one time be much smaller than that of the perturbing planet and at another time much
larger. Thus, a series using one of the conventional anomalies as its argument may converge in
one part of the orbit but will fail to do so in another part.

In an effort to correct this situation, Hansen (Reference 1) has chosen a new variable to rep-
resent the motion of the perturbed body in place of the mean anomaly. This new variable is called
the partial anomaly. The partial anomaly, when applied properly, will lead to very rapidly con-
verging series with respect to the perturbed body for any value of the eccentricity less than unity.
The method may even be applied to parabolic and hyberbolic motion.

Hansen introduces two partial anomalies, one known as the inferior anomaly and the other as
the superior anomaly, and also an intermediate anomaly. By means of these anomalies the ellipse
is divided into two, three, or any number of segments. Each segment is represented by one par-
ticular partial anomaly. The equations of the ellipse and the equations of elliptic motion are ex-
pressed in terms of the partial anomalies, as are the perturbations. Each segment has its own set
of series for the perturbations. A given set of series cannot be used outside of its particular seg-
ment but will converge rapidly within its segment,

1



I. THE PARTIAL ANOMALIES

f = True anomaly

u = Eccentric anomaly

k = Inferior partial anomaly

k, = Superior partial anomaly

a = Semimajor axis

¢ = Eccentricity

r = Radius vector

n = Mean motion (Kepler's third law)

t = Time

Define k and k, by:

1
sin 5 u ~ €(cos Xsink * sinX)
1
cos 5 f 7 (Cole sink, —sinXl)

where:

4ae

_ [r' +r" -2:1(1‘8):'1/2

a D 1+ Y 1/2
L. [(r PO (Lreyn2r -L<1-e>]
4er’ r

r’ -a(l -o)]‘“

tan (45-X) = [r' Ta(l-e)

1+ ! 0 {1/2
can (45-X,) - {LL . f_]

a(l+te)-r" r'
r' and r” being any two radius vectors of the ellipse.

Equations (2) show that:

o
A
-

A
-

(1)

(2)
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The equations of the ellipse are:

[
{

a(l-ecosu')

o]
l

a(l-ecosu”)
or:

, _ _ali-e?)

1 +ecosf’

a(l* 82)

1 +ecosf”

Using Equations (3) and (4), we may write Equations (2) in the following forms:

-— 1 —1/2
sin? 3 u" +sin? 5 u'
€ = 3
L .
- 1 1 -1/2
cos? 75 £ + cos? 3 £
€ 2
1
sin fu’
tan (45 -X) = 1
sinju'
1 t
. cos -2—f
tan (45 -X) = - 1
cos 3 £
or:
. " - 1 [
sin 3 u +s1n u
ccosX = 7
11
sin 3 u’ -sin 3 u
€ sinX = 2

3)

(4)

(%)



or:

1 [
cos 3 f' -cos

The equations of elliptic motion are:

Since, by Equation (1):

we write Equations (8)

rcosf =

rsinf =

ndt -

5 £
€, cos X, 3
1 fl + l fll
cos 3 cos 7
€, sinX, - 0] (6)
1 1
R’ sin? 5 u' -sin? 3 u”
sin2X = ——5 = —
daec 2¢2
= " 2 l Il
. . (r’—r”)<1—ez)a _ cos 2f -cos® 5 f (7)
sin2X, = T = 3 -
der’ r" €,
r = a(l-ecosu)

rcosf = a(cosu-e)
rsinf = ayl—ez sinu
_r
ndt = Edu (8)
.1 . .
sin 3 u = elcos Xsink + sinX]

in terms of k.
a(l —etec?tec? sinZX) + 2ae¢? sin2Xsink - aec? cos? X cos 2k

a(l-e—e2 -¢? sinZX) - 2a¢2 sin2Xsink + ac? cos? X cos 2k

2a¢ Vl- e? (cos Xsink + sinX) A

r (2c cos Xcos k (lk>
a\ A

(1 -e?sin?X-e? 5in2Xsink - ¢ ? cos? X sin? k)1/2




On the other hand, the elliptic equations may be written as:

a(l—ez)
I = T *¥ecosf

ndt = ————— df

and by Equations (1):

1
cosif e (Cosxlsinkl—sinxl)

we write Equations (8) in terms of k.

(1 -e -e512 + eel2 sinle) -2ee ?sin 2)(1 sink, - eelz (3052X1 cos 2k1

1 1
r a(l— e2)
cosf = (e2+e2sin?X, 1) - 2¢?sin2X,;sink, - €2 cos?X, cos 2%k,
sinf 8 2¢, (CosX1 sink, - sin XI)B
4 2 2¢, cos Xl cos k, dk,
ndt = - .
B
aly1-e?
B = (1*6125'1n2 Xl+€12 sin 2X, sinkl—el2 cos? Xlsinzkl)l/2

(10)

(11)

The equations of elliptic motion are now expressed in terms of the partial anomalies. When a

and e are known, we can calculate e, ;5 X, and X, for any pair of values of r’ and r”.

The first of Equations (9) gives:

r = a(l —eteec? +tee? sinZX) + 2aee? sin 2Xsink - aeec? cos? X cos 2k
Consequently:
dr 2/ 2 .
dk "~ 2aec (sm 2Xcosk +cos® Xsin 2k)

The maxima of r are at:

dr _
&k -0



which gives:

k = 90°
and
k = 270°
These values give:
r = r'at k 8 90°
r = r”at k = 270°
The minimum value of r is at:
sink ~ - tanX
which gives:
r = a(l-e)

Similarly, using the first of Equations (11):

k, = 90° at r = !
kl = 270 at r = r*

where r' and r“ are now minima of r. The maximum of r is at:

r = a(lte)

The ellipse has been broken into two parts. The partial anomaly k represents the portion of
the ellipse from perihelion to r = r’ on one side of the major axis and from perihelion to r = r"on
the other side. The partial anomaly k, represents the ellipse from aphelion to r = r' on one side
of the major axis and from aphelion to r = r” on the other side. Atr = r", k = 270°. As r de-
creases, k increases. At perihelion, k = 0°. For 270°<k < 360, we have the true anomaly, f,
greater than 180". After passing perihelion, r increases as does k until at r ~ r’ we have k = 90°,

For 0" k - 90", we have f © 180", If we allow k to increase beyond 90° we retrace the same portion
of the ellipse in the reverse order.




At r = r’ we have k, = 90°. As r increases, so does k,. At aphelion we have k, = 180° and
finally at r = r", k, = 270°. If k, increases beyond 270°, the same portion of the ellipse is retraced
in the reverse order,

We see that k, the inferior anomaly, represents the portion of the ellipse containing perihelion
and cannot represent the portion containing aphelion unless r' = r” = a(l +e), in which case we
have not really divided the ellipse at all and k is equivalent to the eccentric anomaly. Similarly,
k, represents the portion of the ellipse containing aphelion.

By selecting one of the points of separation, r’ or r”, at perihelion or aphelion, we may divide
the ellipse into three or four segments. Consider how we divide the ellipse into four parts.

Let:

r" T a(l-e)
k = 2K - 90
E = y2¢
Equations (9) become:
- 3 2 1 2
r = all-e+ 7 eE - aeE” cos 2K, + 7 aeE” cos 4K,
- 3 2 2 1
rcosf = all-e+ 3z E + aE® cos 2K, - 7 aE Cos4K1

rsinf = aEyl-e? (1—cos2K1)V1"EZsin“K1

r 2Esin 2K, dK,
ndt = -

(12)

1-E?sin* K,

Equations (12) show that at perihelion K, = 0°. As K, increases, r increases. At K, = 90°
we have r = r', Thus, these equations represent the portion of the ellipse from perihelion to r = r’.
The quadrant is defined by noting that Equations (12) give f < 180°. For values of X, greater than
90° the same segment of the ellipse is retraced.

Let:
r" = a(l+te)
k, = 2K, - 90°
E, = 172



Equations (11) become:

3 2 2 1 2
1 1-e+ z7eE) - eE " cos X, t37 ek cos 4K,
ro a(l—e2) o
cosf = (iEZ—l)—Ez 2K, + 4 E cos 4K
4 5 1 COS 2Ry, 7 7 L) cos R,
sinf = E; (1-cos2K,)y1-E2?sin*K,
i 2 2E, sin 2K, dK,
ndt = S (13)

) a?yl-e? ' y1-E? sin' K,

Equations (13) show that at r = r', K, = 90°. As K, increases, so does r until at aphelion,
r = a(l+e), we have K, = 180°. For values of k, outside of the range 90°<K, < 180", the same
segment of the ellipse is represented. We also see that f < 180°,

Let:

r' = a(lte)
k, = 2K, + 90°
E, = 12¢

Equations (11) become:

3 1
(l ~et g eEl2) - eEl2 cos 2K, + 7 eE12 cos 4K
a(1-e?) .

3

- 3 2 2 1,
cos f = ZEI‘I - E; <3052K3+EEl cos4K3

sinf = E, (cos 2K;-1)y1-EZsin*K,

2 2El sin 2K3 dK,

r
n dt e = e
az)/l-e2 )Il—El2 sin"K3 (14)

Equations (14) show that at aphelion, Kk, = 180°. As K, increases, r decreases. At Kk, = 270,
we have r = r". We also have f > 180°.




Finally;

r- = a(l-e)
k = 2K, + 90°
E = eﬁ
Equations (9) become:
3 2 2 1 2
r = al\l-e+ g eE”| - aeE” cos 2K, + 7 aeE” cos 4K,
- (_ 3 2) 2 _1 o
rcosf = all-e- 7E°] + aE®cos 2K, - 7 aE cos 4K,
rsinf = aBy1-e?(cos XK, -1)y1-E¥sin*K,

2Esin 2K, dK,

T
a y1-E?sin*K, (15)

When K, = 270°% r = r" and as K, increases r decreases until at perihelion we have K, = 360°.
Also, f > 180°,

ndt = -

Table I summarizes the results.

Table I
Partial Anomaly Range Range of r
K, 0° — 90° perihelion to r'
K, 90° — 180° r‘ to aphelion
K, 180° — 270° aphelion to r”
K, 270° — 360° r " to perihelion

The ellipse has been divided into four parts with the points of separation at r @ a(1 -e), r = ¢’
r =a(l+te),andr = r",

Suppose we omit the point of separation at perihelion and take the three points of separation
atr = r', r = a(1+e), and r = r”. Then Equations (9) using the inferior partial anomaly &



represent the portion of the ellipse from r” to r’ containing perihelion. We have:

k = 270° at r = r*
k = 0° at r = a(l-e)
k = 90° at r = r'

The portion of the ellipse from r’ to r = a(1 +e) is represented by Equations (13) using K,.
We have:

K, = 90° at r =

K, = 180° at r = a(l+te)

The portion of the ellipse from a(1 +e) to r” is represented by Equations (14) using K,. We
have:

K; = 180° at r = a(l+e)

K; = 270° at r = " .

Thus, the ellipse has been divided into three sections.

The partial anomalies k and k, and the related anomaliesK,,X,, K,, and K, require that the
points of separation be on opposite sides of the major axis or at the end points of the major axis.
We cannot take two points of separation on the same side of the major axis. Since it may be nec-
essary to select two or more points of separation on the same side of the major axis, we define the
intermediate anomalies which permit the number and position of the points of separation to be
completely arbitrary.

Let r, and r, be any two radius vectors of the ellipse on the same side of the major axis. For
definiteness, letr, > r,. Define the intermediate anomalies L, and L, by:

cosK;, = fcosL,
cosK, = Zcosl, (16)
and define E by:
r,~a(l-enN"?
E - [ Zac } (17)

10




The modulus £ will be defined later, Equations (12) become:
- 2 2, 3 54 2 2 _ p4 1 2
r = all-e+eB’|{2-2%+ 74 ~ aeE (2{ —{)COS2L1+jaeE {4cos4L1
- 2 2, 3 44 2 2_ g4 1 24
rcosf = al|l-e-EZ(2-20 +z'{7} + ak (2{ —«C)—zaE&cos4L1

rsinf = B’ aE l-ez[(Z—'ﬂz)-{2c052Ll]

2E4% sin2L, dL,

r
ndt = 5 B (18)
where:
PR 2 2, 3 4) 2(2 1{4) 1 204 v
B' = 1-E?{1-4 +§/ﬁ +E2 (4 -3 cos2L, - g E cos 4L,
Equations (15) become:
- 2 2, 3 54 2 2 4 1 2 94
r * ajl-eteE*\2-20 +z’ﬁ - aeE (2/@ —fﬂ)COSZLlﬁLZaeE)@COS4L4
- 2 2, 3 4) 2( 2 4) 1 2 04
rcosf = all-e-E*|2-24 +¢/ﬂ + aB? {242-4 Cos2L4—zaE{cos4L4
rsinf = aEYl-eQ[{Zcos2L4—(2—{2)]0
2842 sin2L, dL
r 4 Hg
ndt = - -« ———————— (19)
a CI
where:
A 2( 2 3{4) 2(/82—1/@4) _ 2 44 4 V2
¢ = [1-g*l1-4%+ g +E 3 cos2L,- g E cos 4L,

The expressions for L, are used if the values of f, and f,, corresponding to r, and r,, are
less than 180°. If f, and f, are greater than 180°, the expressions for L, are used. Equations (18)
give r = r, atL, = 90° while Equations (19) give r = r, at L, = 270°. Since r, is the maximum
value of r to which Equations (18) and (19) apply, other values of L must pertain to values of r less
than r,. Since the equation for r sinf in (18) and (19) shows that sin f cannot change sign, all of
the values of r represented must lie on the same side of the major axis whatever L may be.

11



Obviously, we wish r = r, to be the minimum value of r represented. We thus define the
modulus ¢ of Equations (16) such that at r = r , we have L = 0% thatiswe have L, = 8°or L, = 360
If L = 0° the first of Equations (18) or (19) gives:

il

al:l"eJreE2 (2-4{2+ 2{4)]

r = rl
This gives:
r,~a(l-e) 172 20
SR e 5) 20
Define « by:
r, —a(l-e) 172
tan (45° -w) = [WITC)] (21)
Then:
sin
£ - cos (45° =) 2 (22)

This definition of { gives r = r, for L, = 0°orL, = 360°. The value r = r, occurs for L, = 90"
or L, = 270°, Values of L, outside of the range 0°<L, < 90° or values of L, outside of the range
270°<L, = 360° simply retrace the same segment of the ellipse betweenr = r, and r ~ r,. Con-
sequently, L, represents the segment of the ellipse from r = r, to r = r, i f < 180° and L, rep-
resents the segment of the ellipse from r = r to r = r, if f > 180°. Both r, and r, must be on the
same side of the major axis if we are to apply the intermediate anomalies. If they are not, of
course, we would apply the partial anomalies k and k.

We may also define L, and L.

cos K2 - 10,1 cos L2
cosK, 7 4 cosL, (23)
Define:
a(lie)-r 12
E, [ Ther, O >] 29
1

12




We could then write Equations (13) and (14) in terms of L, and L ,, respectively. We then
define 1, as:

sin &)1

7 Cos (857 -wp) 2 (25)

where:

l'a(lﬁ'e)—r2 1'1-]1/2
tan (45 —wl) T la(t+e)-r, ° ;—2"

[

(26)

We would then find thatr = r;, forL, = 90°or L, = 270°. The value r = r, occurs for L, = 180°
or L; = 180°. Values of L, outside of the range 90°<L, < 180° or values of L, outside of the range
180° <L, < 270° will retrace the same segment of the ellipse betweenr = r;, andr = r,. Conse-
quently, L, represents the segment of the ellipse from r = r, to r = r, if f < 180° and L, represents
this segment if f > 180°,

As an example, consider six points of separation at r 8 a(1-e),r = r;, r = 1r,, r = a(l te),
r=r/',andr = r, . Figure I shows the situation. The application of the various partial anomalies

is given in Table II,

We could divide the ellipse into more than six parts by defining more intermediate anomalies
and moduli in the same manner.

"

a{l+e)

L

Figure 1—Division of the ellipse into six sections.

13



Table 11

Partial Anomaly Range Range of v |
K, 0° — 90° perihelion to r
L, 0° — 90° r,tor,
K, 90° — 180° T, to aphelion
K, 180° — 270° aphelion to r,’
L, 270° — 360° r,tor/
K, 270° — 360° r, to perihelion

In applying the partial anomalies to the calculation of perturbations, the various radicals
appearing must be developed in a Fourier series of multiples of the partial anomaly, This devel-
opement will be made so that very convergent series for the perturbations are obtained, The
manner in which we select the number and position of the points of separation will depend on the
specific problem. They will always be selected to make the various moduli, ¢, ¢ ,E, E;, 4, Or £,
as small as possible since the smaller the modulus the more convergent the series obtained will be,

Consequently, by dividing the ellipse properly, the series representing the perturbations may
be made to converge rapidly. A different series is used in each segment of the ellipse. If the el-
lipse is divided into n parts, we will have n sets of series for the perturbations. But the convergence
will be much more rapid than that of the series which would represent the whole ellipse using the
mean anomaly or one of the other conventional anomalies.

14



II. DEVELOPMENT OF THE RADICALS

In Equations (9), (11), (12), and (18), radicals of the following form appear:

(1 -€?sin?k)V2 (27a)
(1-E?sin*K)*V? (27b)
(1+sin?K)*Y2 (27¢)
(A+Bsink +Csin?k)*V2 (27d)
(A’ +B’ cos 2L +C' cos 4L)*V? (27e)

We shall be able to write all of these in a form involving only factors of the form of Equation
(27a). Consequently, consider the expansion of Equation (27a). Let:

(1—52sin2k)'1/2 = a, - 2a,cos 2k + 2a,cosd4k - --- (28)

where:

T/ cos 21k dk
(29)

(1 —ezsinzk)l/2

The plus sign is for i even and the minus sign for i odd.

The following recursion formula may be obtained by integrating by parts or by developing the
integrand as a power series in k and comparing terms for three successive values of i.

0 = (2i-1)e2a,. , - 4i(2-€?)a, *+ (20 +1)ela,,, (30)
If:
(1-e?sin?k)*¥? = B - 28,cos 2k + 28, cos 4k - -+ (31)
then:
c2
By T T 81 (a2i-2-a21+2) (32)

15




except:

By = <1“%€2) ao—%e2a2 (32)

Equation (32) may be obtained by recognizing that:
(1-€?sink) V2 (1-€?sin?k)*12 = 1
The calculation of a,, a,, etc. from o, and o, by means of Equation (30) is inaccurate as er-
rors in the last significant figures of o, and o, cause larger and larger errors in «,, as i in-

creases. To circumvent this problem, the following scheme is provided.

Define:

n

P2i -2
_ 4i(2-¢7)
Yai T (21 —1) 2 Py
(2i-1)2 2 \?
N T T6i(a - 1) (2—52) (33)
Equation (30) becomes:
0 = 1= 7y * 7y Yaiea Maita (34)

Equation (33) show that as i increases, the quantity v,,,, - 7,, decreases. At i - =,
Yai T Yaie2 T Ve alsor

Equation (34) becomes:

16




or:

Yo © % [(2_62)i2V1"62] (35)

The (-) sign in front of the radical must be used as the (+) sign leads to divergent results.

Define:

€ = siny (36)
Equations (2) lead to:
1
cosy = tan (45 -3 X) (37)
Equation (35) becomes:
_ ) 1
Yo = sec’ 3 X (38)

Equation (38) is exact for i = ®. The definition of ¢ allows us to write Equation (33) as:

2i -1

Pyi T T & sinXyy
2i-1 72
Ao T OTEIGCD) sin? X (39)

We proceed as follows. Select some large value of i = i,. Compute Ay for i = 2,3, 4,.. .14,
by Equations (39). Then, assume Yai, T Yoo We calculate 7, by Equation (38). Then, Equation (34)
is written as:

1

Yai-2 1-2, 7y,
Fori = i, use 7,, = 7, and calculate y,,,. Then calculate v,,_,, ¥,,., " * * , 7,- The first of
Equations (39) is used to calculate p,, p,, - - - P,;,- By Equation (33):

Gyi T g PPy T Py (40)

In this manner we compute all of the a's from a,. The equation Y, ~ Y i8S Only approximate
for finite i. The accuracy of a given calculation can be estimated by recalculating the »'s for a
larger value of i, and noting the effect on the values of the a's.

17



We may improve the approximation to v,; in the following manner. Recall that:

0 = 1= vy F 7y Yoz Nain2
and:
(2i-1)? \
Mot T Tei(i-1) sin®X
or:
(2i+1)?2 ,
Motz T 16i(i r 1) sin” X

Using this expression for A,,,, and sec? 1/2X for v,,,,, we have:
-1
- i+H?
Yai T |1 T 3iv1y sin® 37X

Developing this expression and dropping powers of sin 1/2 X higher than the second, we have:

i 1 1 1
Yy = sec? 53X [1 VRGO sin? 3 X] (41)

Since X < 45°, the second term is always less than 1/1000 of the first term for i = 10. Conse-
quently, this approximation is sufficient for all cases of interest for moderate values of i.

It remains to calculate a,. Equation (29) gives:

_ dk

n/2
2
a - =
(] v o (l—€2sin2k)l/2

or:

% = 2l g) (42)

£ (e, 7/2) is the complete elliptic integral of the 1irst kind. It has been extensively tabulated. It
may be calculated from the following series if ¢?is sufficiently small.

@® 2
2 ) . _@ b
7! f(‘ ’ 2) - Z [2211 (nl)2] t2 (43)

n=0

18




This series is easily obtained by expanding (1 -e?sin? k)~ V2 by the binominal theorem and in-

tegrating the series term by term. The series given by Equation (43) will converge fairly rapidly
if e2<1/2,

Consider now the form of the radical given by Equation (27b). We may write:

(1-E2sin*K)"%2 = (1+E?sin2K)" V2 (1-E?sin?K)12
= Ay * 2, cos2K + 24, cos 4K + -+ (44)
and:
(t+Esin?K)" Y2 = 6, +20,cos K + 26, cosdK + - (45a)
(1 -E sinzK)'l/2 = 7y = M,cos2K + 27, cos 4K - - (45b)

By multiplication of series:

Ao T Mo T 2m0, t My by - e
Ay T M8, - (770+774) G, + (772 t1g) 04 -
g T oMy - (7)2+776)92 * (770+778) Oy = " (46)

Equation (45b) is in the same form as Equation (28) and may be handled in exactly the same
manner if we put:

YE = siny
Mpi = My PyPy "t Pay (47)
We also have;
. 2 fﬂ/Z dK
T ™), (l—EsinQK)‘”
so that:

= 2t 3) (48)

Thus, we may calculate the 7's.
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Now consider Equation (45a). Define:

K = 90° -P

Then:

1+ Esin?K = (1+E) (1 - le sin2P> (49)

This is now of the same form as Equation (28) and is dealt with accordingly. We may now calcu-
late the ¢'s and by Equations (46), the A's.

Equation (27¢) may be changed to the form:

(1+sin?K)"Y2 = & + w,cos 2K + , cos 4K + - - (50)
Define:
K - 90° -P
Then:
1 -1/2
(1 +sin2}()_l/2 = (1 +coszP)_1/2 = 2(1 -3 sin? P (51)

This is again of the same form as Equation (28) and we may calculate the «'s.

Consider the form of Equation (27d). Write:

(A+Bsink-Csin?k) V2 = A, + 27, sink + 24, c0s 2k + *+- (52a)
(A+Bsink—Csin2k)+1/2 C g ¢ 2upsink ¢ 2, cos 2k ¢ ot 620
we will have:
. = l J'77 _ __ cos 'Lk dk
I "o (A+B5ink‘Csin2k)1/2

m
1
w, = ;J (A+Bsink - Csin?k)"2 cos ik dk (53)
0
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for i even. For i odd:

N _ 1 i sin ik dk
i i 0 (A*’Bsink—Csin2k)l/2
-1 ! ; s Y2 L
By T ox (A+Bsmk—Csxn k) sin ik dk (54)
0
Since:
(A+Bsink-Csin?k) V2 (A+Bsink -Csin?k)*¥/2 = 1
we have:
. C B
My T4 (>\r2 )\i+‘2) 4i ()\1—1+>\i+1)
and:
. C B
My T 41 (>‘i-2'>\i+2) Y4 (Ki-l+)\i+l) (55a)
for i even and odd, respectively. The exception is:
- 1
oy = \A-7Z3C/Ay +Br + O, (55Db)
The coefficients A, B, and C will be given by:
A = 1-¢€%sin?X
B = ¢?sin2X
C = e€?cos?X (56)
Then:
(AJrBsink’Csinzk)_l/2 = (1—ezsin2X+ezsin2XSink—62c052Xsin2k)_l/2
= (l-esinX+ecosXsink)_1/2 (1+esinX-ecosXsink)'1/2 (57)
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Define:

(1—€sinx+ecosXsink)_l/2 = Oy - 2@1 sink - 262cos 2k + 263 sin 3k + 2/,94 cos 4k — -

and:

(l+e sinX - ¢ cosX sink)_1/2 =

Equation (52a) and Equations (58) give:

Ng T Mol — 20ymy + 20,m, = 20,7, + 20,71, -

Mo oty =0y (g Ty}t 0, (nytmg) - 8, (nytmy) + 6y (75t ms)
Ny T omgte Oy (M)t Oy (g Ty} - Oy (ny tms) 8, (1, F M)
Ny T myte = By (g tmy) t 8y (it ng) - Oy (mg tmg) * 8y (myty) -
f., = My 0y ~ 0,y .(n3 tng) + Y, (772.“)6) =0y (1 tm,) oy (g tma) -

To determine ¢, let:

k = 24+ 90°
and to determine 7, let:
k 24" - 90°
Then:
1 - ¢sinX tecosXsink -~ (l—esianecosX) (1—f2sin2lt',)
and
1+t esinX - ccosXsink - (1+esinx—t(‘osX) (l"f'25il12f"')

22

Mo T 2mysink - 279, cos 2k - 2m;sin 3k + 27, cos 4k + - -

(58a)

(58b)

(59)

(60a)

(60Db)

(61a)

(61Db)



where:

_ 2ecos X -]1/2
f = [1 -esinX+tecos XJ (62a)
. 2ccos X 1/2
£r = [1 +e sinX - € cos Xi\ (62b)

Thus, we have again obtained the form of Equation (28) and may compute 6, and», . The A's
follow from Equation (59).

Equations (58) give:

/2
2 dk
6, =

0 m ,[) [(l—esinX)+ecosXsink]1/2 (63a)

o2 dk
o 7 J [ ]1/2 (63b)

(1+esinX)~ € cosXsink

Define:

a = 1- esinX
b = ecosX
a' = 1+ ¢sinX (64)

Since -45° <X < +45° a, b, and b’ are always greater than zero. Then:

P /2

- 2 . dk
90 T J (a+bsink)l/2 (653)
2 ~T/2 dk
Too T @ Jo (a’ —bsink)l/2 (65b)
Equation 288.00 of Byrd and Friedman (Reference 2) gives for a>b > 0:
ki
26, = ef(é Q) (66)




where:

& - a+h
2b
q? athb

Uy
w
o
o}
1
.
o~

(67)

and f(£, q) is the incomplete elliptic integral of the first kind. If b>a> 0, Equation 288.50 of Refer-
ence 2 gives:

i
S5t © ef(y Q) (68)
where:
2
g b
atb
q? 2
Y = sin! aEb (69)
Define:
k = 90° - T
then:
/2
2 dT
= = _— 70
o 7 J’o (a’ —bCOST)l/2 ( )

By the last of Equations (64), a’' >b. For a’' >b> 0, Equation 291.00 of Reference 2 gives:

20, © ef(A @) (71)
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where:

/ b
A = sin’! qw—z(a’—b) (72)

The incomplete elliptic integral of the first kind is extensively tabulated.

Finally, the form in Equation (27e) was:

A’ + B’ cos2L + C' cos 4L

In our particular case:

A = 1—E2(1—{2 +—434)
1
B = Ez()p _?{4>
L 22 pe 73
c' = -gE (73)
8
we may write:
(A" +B' cos 2L +C' cos4L)™V? = (1+E-4?Ecos?L) V2 (1-E+4?Ecos?L) !72
= Ay t 20,cos 2L + 24, cos4L + ¢ (74)
write:
(1+E-4£2Ecos?L)™"? = 7y - 2n,cos 2L + 27, cos4L = ‘-
(1-E+42Ecos?L) V2 = ¢ + 20,cos 2L + 26, cosd4L + -~ (15)

The 7's and 9's are related to the \'s as in Equation (46). The second factor of Equation (74) may

be written as:

. 12E i
(L-E+4?Bcos™) = (1-E+i%) (lrmL) (16)
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which is in the form of Equation (28). The first factor of Equation (74) is:

2
(1 +E—£2Ecos2L) = (1+E) (1 - f+}1:z cos2L>
Define:
L = 9°-T (77)
Then:
2
(1+E—£25cos2L) = (1+E) <1 - f—% sinzT)
and this is in the proper form.
From Equations (75):
/2
.2 .
Mo~ 77,[ (1+E—’€2ECOS2L)1/2 (78)
0
mT/2
2 dL
g, = =
0 7 L (1-E+{2Ecos?L)1? (79)

Equation (78) is transformed to the form of Equation (28) by the substitution, L = 90 - T. Equation
(79) is transformed by simply writing cos?L = 1- sin?L,

We have seen how the partial anomalies are defined and how the various radicals can be ex-
panded in a form convenient for integration. The partial anomalies will permit us to obtain highly
convergent series by means of which the perturbations of a body may be expressed. The require-
ment that the series be highly convergent will determine how we must select the points of separa-
tion in dividing the ellipse.

The series for computing perturbations, when expressed in the conventional anomalies, may
become very slowly convergent or divergent if the radius vector of the perturbed body is at one time
much larger and at another time much smaller than the radius vector of the perturbing body. Con-
sequently, the points of separation must be selected such that in each segment of the perturbed
ellipse, the radius vector of the perturbed body is always larger or always smaller than that of the
perturbing body. If the two bodies approach each other closely, the small segment of the perturbed
.orbit near this minimum of distance should be represented by the intermediate anomaly. If the
segment represented by the intermediate anomlay is small, the value of the modulus, 4, will be
very small and this will lead to highly convergent series.
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III. DETERMINATION OF CONSTANTS OF INTEGRATION

We now consider the types of integrations we will be performing and the determination of the
constants of integration. As we have seen in Section I, the radicals involved in the various partial
anomalies may be expressed in the general form:

By * By sink + 8, cos 2k + 8,sin3k + B, cosdk + - (80)

In certain cases the coefficients of the sine terms are zero. The expressions for the polar coor-
dinates of a body in an elliptic orbit have been given in Section I in terms of the partial anomalies
and these coordinates may also be expressed in the form of Equation (80). Since the perturbation
function and its derivatives involve these coordinates, they may also be expressed in this form,

Assume that the perturbed body is a comet and the perturbing body a planet. Let g’ be the
mean anomaly of the planet. If vy is any elliptic element, we may write:

- sin
dr = de) (ag ey sink e cosk ¢ o) G0 e (81)

i=0

sin |
cos 1g
representable by a sine series, Qor w, for example,and a seriesin cos ig’ applies when v is a par-

The symbol ' implies that a series in sin ig’ applies when y is a particular elliptic element

ticular elliptic element representable by a cosine series, a, e, i, for example.

The results of Sections I and II show that n dt may be written as:
ndt = (A, cosk +A, sin2k +A, cos 3k + ) dk (82)

where n is the mean motion of the comet defined by Kepler's third law. Eliminating dt between
Equations (81) and (82):

cos

dy = dkz:(K1 cosk +x, sin2k ++++) o ig’ (83)

If n' is the mean motion of the planet and ¢’ is its mean anomaly at t = 0, we have:
g’ = n't+c’ (84)
Define:
v = n? (85)
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Integrating Equation (82) and using Equation (85), we have:

1 1
n't = wA, + vA sink- 3 vA,cos2k+ 3 rA,sin3k~ - (86)

where A, is the constant of integration. We now eliminate g’ from Equation (83) by means of
Equation (86) and obtain:

[

dy = dk Z(Klcosk+f<zsin2k+f<3Cos3k+"‘)
{=0

sin

1
cos (ic’ + il"’\O + iy}\l sink -~ 7 iV/\\zCOS 2k + ...) (87)

By known trigonometric identities:

sin (ic’+iv>\0+"') = sinic'(Ho’r@lsink*ﬁzcos 2k+"‘)+cosic’(t’0'+Ul’sink+(/2' Cos2k+“')
H 3 = 1 H H M 3 ; ! DR
cos (1c'+1u>\0+"') = COSlC'(90+1/J151nk+(92COS 2k+"')—51n1c' ((’0'+@1'51nk+(‘2 cos 2k + )

Equation (87) becomes:

sin

dy = de(wl cosk tw, sin2k t«; cos 3k + -+ ) cos ¢’ (88)
Since ¢’ is independent of the time and hence of the partial anomaly, we have:

sin

E 1 1
Y = const 4 (a\l sink - 3 «,cos 2k + 3 sin3k—"'> cos ic’ (89)

Let us select a particular perihelion passage of the comet as the epoch of time. Then, ¢’ = ¢
at t = 0, and ¢, is the mean anomaly of the planet at the instant of this particular perihelion pas-
sage of the comet. Let T be the time of the closest perihelion passage of the comet, past or future,
from the time t. Then, ¢’ will be the mean anomaly of the planet at time T. Thus, ¢’ is fixed
during each revolution of the comet but changes from revolution to revolution.

In order to proceed, we must select the points of separation. To illustrate a fairly complex
example, we select six points of separation.

These points are:

r = a(l-e)
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r = a(l+e)
r = r
r = r"

This is illustrated in Figure I. We have selected ' and

than 180°. The following partial anomalies are required.

Segment of Ellipse

Perihelion to r’
r’ tor)

r,' to Aphelion
Aphelion to r*

"

" to r,

r," to Perihelion

We write Equation (89) for each segment,

RO Z(Klm cos 2K, +x (P
vy = A O 4 Z(Klu) cos 2L, + A 4
A ECR Z(K2<2> cos 2K, + ¥
Yy = K3(0) + Z(Ks(z) cos 2K, +;<3(4)
Y= A0 Z(A4(2) cos 2L, + 2@

Yy = ;<4(°) + ? (K4(2) COS2K4+K4(4)

f less than 180° and " and f , greater

Partial Anomaly

Kl
Ll
K2
K,
L,
K,
cos
cos 4K, + 1) gy ic (902)
cos . ,
cos 4L, + ) sin i€ (90Db)
cos |
cos 4K2 + - ) sin 1€ (900)
cos .,
Cos4K3+"') sin 1€ (90d)
cos .
cosdL, + ) Gpic (90e)
cos .,
cos 4K, +) sin 1€ (90f)
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K (0 MOk (O k<9 A9, and « 9 are constants of integration. We can see from the results of

Section I that for this division of the ellipse no sine terms are present.

Define:

K1(2)

K2(2)

()

k@

(2)
>\1

2
A

Kl(2)

K2( 2)

»<3(2)

k(D

@
>\1

2)
A

Kl(“)
e
»<3(4)
K O
Al(4>
>\4(4)
K1(4)
K
,<3(4)
K4(4)
)\1(4)

4)
A

K1(6)

PR

k (O

k(O

(6)
>\1

6)
Ay

x (O

PR

(8

k (8

®)
>\1

(6)
Ny

(91a)

(91b)

(91c)

(91d)

(91e)

(911)

(91g)

(91h)

(91i)

(91j)

(91Kk)

(911)

At the epoch corresponding to ¢,’, K, = 0° since we are at perihelion. Equation (91a) permits us

to write Equation (90a) as:
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K1<0> + ? M

cos

1sin 1€

'
0

(v)



In this manner, (y) is defined as the value of y att = T,. Thus:

0y 2 : cos |
Kl() - (- M sin iy

Atr = r', K, = 90° and Equation (90a) by means of Equation (91¢g) becomes:

COSs
= 0y _ N i !
Yoo K : Ny sin i¢g

Butat r = r', L, = 0°and Equations (90b) and (91e) give:

CcOSs
= 0 . ]
Yeo MO+ Z P sin i

Since these expressions must be identical, we have:

cos CcOs
(0) . 4 ’ = 0) _ . 1 !
A H P} sin i K1 N, sin i¢g

Combining this with Equation (92):

cos |
>‘1(0) = _2 (M1+N1+P1)sin‘C0

(92)

(93)

We proceed in this manner at the other points of separation and obtain the following equations

for the constants of integration.

= - Z M, (S:cl)rsl icy

MO = () - Z(M1 N P 2(1): icy

PR SO Z(Ml N +Pp +Q; - N,) <s:<1)rsl icy
D) _Z(M4 Ny #P, +Q, ~N,) (s:(i)rsxicol

(94a)

(94b)

(94c¢)

(944)
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1

cos |
N (- Z (M4 *N, +P4) sin 1Co (94e)

k(O

cos |
(v) - Z M, sin icg (94f)

During the x™ revolution after T , we have:

Then in the same manner as Equations (94) were obtained:

GOS0, ) M) (952)
MO, ‘Z(Ml N, +P,) Gimic, (95b)
KO = (), -Z:(M1 AN, FP, +Q, - N,) Gnic (95¢)
kS, ‘Z(M4 #N, tP, +Q, ~N;) (ioic, (954d)
NP, - ) (M N, +R,) Somie (95€)
W50, ) (W) ey (956)

We must now relate (y), (Y),, - - - (v),. Consider the first aphelion passage of the comet
after t = T,. Using Equation (94c) for «,® in Equation (90c) gives:

cos

(v) _2 (Ml *N; +P, +Q, -N, 'Mz) sin 1€’

—
|

|

- (Y)'2§ (R, +T, -R,) con icq’
1 1 2/ s1n 0
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where we have recognized that at aphelion, X, = 180°. But, at aphelion K, = 180° and we may con-
sider this to be the beginning of the revolution with ¢’ = ¢, . Equation (95d) gives «(» with x = 1
and using this value in Equation (90d), we have:

_ cos | .
Yy = (Y); -2 (R4 T, _Rs) sin €1
Since these two expressions for y must be identical, we have:
_ Ccos | R
(D 7 (0 =2/ (Re+T, =Ry gipic,
cos
-2 (R4+T4_R3)sin“"1
In general, for any two consecutive values, (y),_, and (y),, we have:
_ cos | B
(Y)x - (Y)x-l -2 (R1+T1_R2)sin lcx‘l
cos | ,
-2 (R4+T4-R3) sin 1€x (96)
We use Equations (96) to relate (v), to (y) and find:
_ cos, , cos cos.,]
(), = () -2 (Rl T, ~R2) [sin 1y *5inicy *707 Tgin ic,
cos, , cos cos | ,]
T2 (R4+T4_R3)[sin 1oy *gin 1y ¥ty i) 97)

Let A be the mean motion of the planet during a mean revolution of the comet., Then:

1 - 1
c, cy t A
¢ - ty A = ' )
<, <, A co ¥ 24
] - s
Cx Co xA (98)
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Two trigonometric identities are useful.

1
1 sin( -f)iA

1 + cos il + cos 2iA + -++ + cos (x- 1)id = 7+ :
2sin 7 iA
1
1 1 Cos<x-§)iA
sinild + sin2iA + -+ 4 sin(x- 1)iA = 5 cot 5 iA - —————7
2sin 3 iA

Multiplying the first identity by cos ic; and the second by sin ic, and subtracting, we have:

-

. f; .o : ' - . ' . . . . .
+ 4+ e 4 iC = - - = — ' - p— o= +
cos ICO cos lC1 Ccos x—1 2 Ccos 1C0 2 cot 2 Asin ICO + 2 cot 2 Asin le 2 cos 1Cx

Multiplying the first identity by sin ic/ and the second by cos ic/ and adding:

0 0

—

et 4 sinicl ¢ ¢ eimiet = . i 1 i 1
sin 1c, sin 1c; sin 1c__, 7 Sin 1c, ) cot ]

- ! - — o ~ . [ _- : : '
A cos ic, 5 cot 7 Acos ic, 5 sinic

These expressions are to be substituted in Equation (97). We must separate the sine and cosine
terms. The quantities with subscript ¢ are to be used when vy is given by a cosine series and the
quantities with subscript s are to be used when y is given by a sine series. Equation(97)becomes:

(), = ()~ Z(R1C +T,. "R, +R, +T,_ ~R3C) cos ic,’
+Z(R1C +T,.-R, -R,_-T, +R, ) cot %Asin icy
- Z(RIS FT "Ry TRy T T, _R3s) sinicy
- Z(Rls +T, -R, ~R, -T, +R, )cot %Acos ic,
¥ Z(Rlc tT, "Ry *R, +T, -R; ) cos ic,
) Z(Rlc +Ty. "Ry, ~R, =T, +Ry ) cot % Asin ic/
! Z(Rls T "Ry, "Ry T T, +R3s) sinic '

! E (R, +T, -R, -R, -T, ‘R, )cot 3 Acos ic (99)
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As c,' is a constant depending on the initial conditions, its effect is included in (y) which must
be found from astronomical observations. We omit all terms dependent on ¢ o - The subscript x
on ¢’ is dropped and ¢’ is the mean anomaly of the planet at the perihelion passage of the comet
closest to the time at which we are determining the perturbed orbital elements.

Taking account of the above remarks and using Equation (99) for (y),, Equations (95) become:

KI(O)Q = <Y) +; ('-Slc+TIC_R2C+R4C+T4C—R3C+XS)COS iC’

+ Z(— Sis TTis "Ry v Ry T, ~ Ry, _Xc) sinic’ (100a)
MO =) +Z(_ Rio~ U ~Ry #R +T, -Ry +X )cos ic’

* Z(- R Ui "Ry v Ry T ~ Ry, —Xc)sin ie! (100Db)
PR GO R Z(_ Ry~ Ty~ Sy t Ry # Ty Ry +X ) cos ic’

S+R4S+T4S~R3s—xc)Sin ic (].OOC)

<=t Z(RIC +Ty Ry, =Sy +T, ~Ry, +X,) cosic’

+Z(R15 +Ty, =R, =S, +T, -Ry -X )sinic’ (1004d)
MO+ Z(Rlc +Ty. ~Ry. "Ry ~Uy ~Ry +X ) cosic’

+-‘Z(R15 Ty ~Ry, _R-4s “Uy, "Ry, =X, ) sinic’ (100e)
A GO Z(Rlc Ty "Ry "Ry T, =85, +Xs) cos ic'

+Z(Rls Ty "Ry "Ry, —T4S-Sas-—xc)sinic’ (100f)
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where:

X, = (Rlc +Tlc -ch_R‘tc —T4C+R3c)C°t7A (1013)
X, = (Rls+T15_R25_R45'T45+R3s) COt%A (101b)
In general then:
CE ) (o @ cos 1) Somie (102)
If for some value of i, say i = i, we have:
i,A = m - 360° (103)

where m is an integer, cot (i/2)2A becomes infinite and the above expressions are useless. Accord-
ing to Equation (98) together with Equation (103):

cx' = ¢yt '*'? 360°
This may be written as:
ipe! = ifco' + mx - 360°
Sincemx = 0, 1,2 ..., we have:
cos | , cos | , ... . cos. ,
sin1¢ % sinifc, ° sin Y¢Sy (104)
Equation (97) becomes:
(D, 7 () - 2x(R,, tTy "Ry, “Ry "T, tRy Jcosijc’
- 2x(R 4T, -R, -Ry, “Ty *Ry ) sinig e (105)
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Equations (95) become:

(O

(0
>\1

k(O

k(O

(0)
Ny

K O

where:

Y)

(v)

(v)

(Y)

&9

Y)

. . .
(R“C +S4C)cos i,c xz_cos i c

(R, +S,,)sini

n

+
1s Tls

+2T

1c ic

+ 2T,

+2T

4c 4c

4c ! T4C

4s +T4s

This special case will always arise for i, =

f

s_RZS +S

¢’ - xz _cosi,c’
f c

f

sini ¢’ - xz_sini c’

N .
+TlC Ulc)C051

+Uls

_R3~c S

‘R2c +52C

2s

3c

f

c' - Xz _cos i c’

f f

)sini c¢' - xz_ sini,c’
f s f

)cosifc' - xz_cos i

)sinifc' - xz_sini

)COSifC’ - xz_cos i

.. . ..
+2T45 R35+S3S)51n1 c xz_ sini

f

+U )COSifC' - xzccosifc'

4c

+U4s) sini

f

0.

¢’ - xz_sini

[ : : '
fC XZSSII'llfC

[

]
fC

f

f

f

f

[

‘

Cl

C

’

CI

(1063)

(106b)

(106¢)

(1064)

(106e)

(106f)

(107a)

(107b)

In order to calculate the perturbations of the elliptic elements involving the mean motion, we
must integrate again. If y represents the first integral obtained above, the integral, f ydt is re-
quired. Let us call this integral z.
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The general form of vy is :

COos

Yy = (Y) +Z(h(°) +h sink +h{? cos 2k + ) ic’ (108)

sin

The sine terms may be absent in some cases as they are for our division of the ellipse into six
segments. The form of dt is given by Equation (82) and hence y dt is of the form:

dkE (¢, cosk +¢b, sin2k ++-+) Comic”

S1in

The integral is:
1
const +Z<¢l sink ~— 5(2‘)2 cos 2k + o)Z?rS] iC/ (109)

This is exactly the form of the first integral, Equation (89). The constants of integration can be
found in the same manner as for the first integral. The special case, i, A = 2rm, requires separate
consideration with regard to the terms multiplied by x. The terms independent of x are dealt with
as in the first integration. The terms in x are of the form const x x, and dt is of the form of Equa-
tion (82). Since x is independent of the partial anomaly, we will have the form:

z = Iydt = Const+x[[3lcos2K*"']

where we are considering only the terms involving x and, since in our case sine terms do not ap-
pear, only cosine terms are included. We will have an integral of this form for each segment of
the ellipse. Thus:

z = jl(o) + x (j 1(2) cos 2K, + j1(4) cos 4K + - ) (110a)
z = 4@ + x({l“) cos 2L, +4,®) cos 4L + - ) (110b)
z = jz(o) + x(j 2(2) cos 2K, j2(4) cos 4K, + * ) (110c¢)
z - j3(°) + x(j3(2) cos 2K, + j3(4) cos 4K, + -+ - ) (110d)
2 18O 4 x (1, cos 2L, + 1 cosaL, 1o +) (110e)
2 30 4 x(i® cos 2Kt cosaK, + ) (110f)
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! As in Equations (91), define;

M = R/ +8)' = j1(2> ¥ j1<4> o

My = R2’ + sz' = j2(2) + j2<4> o etc.
\‘ Nl, = ‘Rll - Sll = j1(2) - j1(4) + e
" N2; = R2’ - Sz! = j2(2) - jz(d) e, ctc.

—_—
[
[y
[y

~—

Let (z) be the value of z at the x™ passage of the perturbed body through its perihelion after

the epoch. A calculation analogous to that which led to Equations (94) gives:

i 7 (=), - oxMY

4, (2)y - X(Mll N/ +P1')

i = (@), - xM AN FP QY “Ny')

j3(0) = (Z)x _ X(M4'+N4' +P4' +Q4' _Na.)

O = (), - X(M4I+N4' +P4')

j4(0) T (z), T xM
Also:

(2), = (2),0y - 2(x- D) (R/+T} -R)) + 2x(R, +T, -R/)
which gives:
(2), = (2) = 2[(x=1)+(x=2) +-++ +2+1](R + T/ =R} + 2[x+ (x= 1)+ -~ + 2+ 1] (R, +T,' -
But:
_1 , 1
1+2+ - +(x-1) = 5% -73x

(112a)

(112p)

(112c)

(1129)

(112¢)

(112f)

R;)(113)
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and:

1 1
1+2+ - +x = 5x*+5x
Equation (113) becomes:
= - 2 t [ v _ [ [ ' ' ' ' ' ' '
(z), = (2) - x* (R, +T, -R, =R,/ =T, +R/') + x(R/ +T,/~Ry +R/ + T,/ ~R')
Define:
w = R’+T/-R,/-R/-T/+R

Equations (112) become:

IR
2O = () +
i = (@)
IR O
£ = (2) 4
10 = (2

x(~ s/ +T,/-R, R} +T, -R3') - xtw
[ 7U) SR RS FT) SRy - xtw
x(-R/ -T,/-S; +R,/+ T,/ ~Ry} - x*w
x(R/ + T, -R) -R, -T,/-8) - x*w
x(R' + T, -R, R, U, ~RJ) - x%w

3

‘ t _ v ' v _ ‘ _ 2
x(R/ +T, -R, =S,/ +T, ~Ry) - x’w

(114)

(115)

(116a)

(116b)

(116¢)

(116d)

(116e)

(116f)

The determination of the constants of integration has been carried out for a division of the
ellipse into six sections using the partial anomalies K, K,, K, K,, L, andL,. Itis of interest to
determine what changes occur for different divisions of the ellipse and for the use of different

anomalies.

If we use L, and L, rather than L, and L,, we must replace:

P,

by:

_02! _PZ'

respectively.
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If we used L, and L, instead of L, andL,, we would make the above changes only for those
constants relating to L,. If we used more intermediate anomalies to divide the ellipse into more
than six parts or more than two parts using these anomalies, we simply increase the number of
P's, Q's, etc.

If we omit certain points of separation, we simply omit the corresponding constants unless we
omit the point of separation at perihelion or aphelion. If we use the same partial anomaly on both
sides of perihelion or aphelion, i.e., if we have no point of separation at perihelion or aphelion, the
equation representing the element v will be of the form of Equation (108), that is, sine terms will
be present. This will change the form of the equations.

Suppose, in our example, we omit the point of separation at perihelion. In all of the equations
we will haveM, = M, . In addition, Equations (90a) and (90f) will combine and take the form:

v =« +Z(K<1> sink +x(D cos 2k + ) cinic’ (117)
Define:

E = G+H = «D 4 @ — (3 _ (& 4 ... (118a)

F = G-H = «(I =« - 43 4 (¥ 4 (5 - ... (118Db)

Let us omit Equation (90f) and all quantities dependent on it. Equation (90a) in the form of
Equation (117) describes this segment. We see that in all of the equations for the constants of
integration, we drop all terms with subscript 4 and change:

0
kP, M Ny R S,
to:
«®, -E, -F, -G, -H

Now, omit the point of separation at aphelion. Equations (90c¢) and (90d) will combine and take
the form:

y = o« O +Z(K1(l) sink, +x(® cos 2k, + ) 2(1)2 ic! (119)
Define:

El - Gl + Hl = Kl(l) + K1(2) - K1(3) - K1(4) PN (1203)

F, = G - H = "1(1) - KI(Z) - Kl(a) * K1(4) * Kl(S) oo (120b)
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Let us omit Equation (90d), and consequently, drop all terms with subscript 3. Then we must
change: «,9, M,, N,, R,, S, to:

0y _ - - -
Ky TEpoF -G THy

In this case, we must take x to be equal to the number of complete revolutions of the comet since
the epoch if the time we are considering corresponds to the anomalies K,, L, or k,, and must take
x to be equal to this number plus one if the time we are considering pertains to L, ork,.

We could also omit Equation (90c¢) and write Equation (90d) as:

COSs

= 0 1 o 2 f

Y K0 Z (K1(1> sink, +x,(P cos 2k, + ) sini¢’ - (121)
Define:

- 1 (2) _ (3 — . (@
En Gy, * Hpy K1(1) + K11) K11> “no f (122a)

= - - (n - (2) - (3) (4)
Fii Gy, ~ Hy, K11 1 AE Ry R (122p)

consequently, we drop all terms with subscript 2 and change: «(®, M,, N , R

3y My, N, S, to:
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o
< Fpy By Gy -H

In this case, x has its usual definition when using K, and L, , but must be increased by unity when

using k , L,, andK .

In the meéthod of partial anomalies, the integrations have not led to the divisors (in-i‘n’) and
(in-1i'n')? which appear in other methods. Instead, we obtain the multipliers cot (i/2)A and
cot? (i/2) A. In the case of near commensurability, these multipliers become large and lead to
large perturbations of long period. When in - i’ n’is small, it may be that both i and i’ have large
values and, consequently, by ordinary methods we must develope many terms of the series in both
iand i'. In the method of mean anomalies, this is necessary for only one of the indices because
of the rapid convergence of the series involving the partial anomalies,
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IV. THE PERTURBATION EQUATIONS

In the following, the variables v, E, ¥, p, and q, first introduced by Hansen (Reference 3), will
be used to designate the elliptic elements.

The perturbation equations are:

dy _ 2an |fa 1 0, e a0 a Fis)
dt - ﬁ——e2|:<r+l~e2 cos f 8f+1_828 + T osinf-r 7 (123a)
d¥ = 2an a 1 . aQ  a a0
i T ot |:<?+Ti’e_5> Slnfa_f_rCOSf'rarJ (123b)
SR 3an 90
dt = T oz o (123c)
d aQ
d—‘t) = - lan 7 cos i sinIsinfsin(f' +v-k) oy (123d)
-e
d 0
'&% = —{Lcosisinlcosfsin(f'ﬂLv—k)g’}’{“ (123e)
-e
In addition:
dé
d_tz = Yécosfw‘\l!‘g‘ sinf + B (124a)
dw 0 B
d - Y27T_—? s1nf—‘P2'T_——e—2(cosf+e) (124b)
8s B J8gsinf - 8pcosf (124c)

In these equations, néz is the perturbation in the mean anomaly or mean longitude, w is the per-
turbation in the natural logarithm of the radius vector, and ¢s is the perturbation in the sine of
the latitude. The elements v, ¥, and E are obtained by integrating Equations (123a), (123b) and
(123c), and $p and $q are the integrals of Equations (123d) and (123e). Also, I designates the in-
clination of the orbit of the comet with respect to the orbit of the planet, i is the inclination of the
orbit of the comet with respect to the ecliptic, and s is measured with respect to the ecliptic.
The quantity O is the perturbation function defined by:

1
Q= [g— — H] (125)
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m’' and r’ being the mass and radius vector, respectively, of the perturbing body, H the cosine of

the angle between the radius vector r and r ', and 2 is the distance between the planet and the comet.
In addition, » + k is the angle measured in the plane of the orbit of the comet, and measured from
the ascending node of the orbit of the comet on the orbit of the planet to the perihelion of the comet,
while v -k is the angle measured in the plane of the orbit of the planet, and measured from the as-
cending node of the orbit of the comet on the orbit of the planet to the perihelion of the planet.

Consequently:
H = cos(ftvtk)cos(f'+v-k) + cosIsin(f+v+k)sin(f' +v-k) (126)
Also:
A2 = r? 4+ 12 - qr'H (127)
We also have:
0 = 3rcosfdy + 3rsinfdy + 4ads (128)
_ 1 r 1 ro . 2
w = - 3ygzcosf -5¥sinf -3 E (129)
write:
I N
m’
Ql N
- , T 130
Q2 = -m r'2H ( )
Then:
My rrtoH
of ~— M 3 9
M , r?
'gr - M A3 H - m A3
af) '
1 , Ir
Y (131)
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By Equation (126):

dH
df T “sin(frvik)cos(f’ tv-k) + cosIcos(f+vtk)ysin(f’' +v-k) (132)

Equations (131) become:

1 rr’

2f - m F [sin(f+y+k)cos(f’ +v-k) ~ cosIcos(f+v+k)sin(f' +v-k)]
a0, B e’ , ) ) ,r?
r B T om 23 [cos(f+v+k)cos(f tv-k) + cosIsin(f+v +k)sxn(f+v—k)] -m X‘;
9, rr’
S - om s (133)
Define:
cos (v-k) = ¥sinG
cosIsin(v-k) = <ycosG
v+k+G = T (134a)
and:
-sin(v-k) = ' sinG’
cosIcos(v-k) = ' cosG’
vtk +tGg = [ (134b)
Let u’ be the eccentric anomaly of the planet. The elliptic equations give:
r'cosf’' = a'cosu’ - e’'a’
r'sinf’ = a’ ¥1-e'? sinu’ (135)
Equations (134), and (135) allow Equations (133) to be written as:
90, a'pr (ycos(ftl)cosu’ -e' ycos (f+I)
TS (136a)

3
A +y! '1'e'2cos(f+r’)sinu'
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Also:

r' sin(f’ tv-k)

= -a'y'sinG'cosu’ + e'a'y' sinG' +a'y ¥l-e'? sinGsinu’

a'r ysin(fﬂ“)cosu'—e’ysin(f+F)-‘

a3 — r
‘:y'ﬁ—e'z sin(f+F')sinu'——il
a

rr’

m' s

Equations (123) may then be written:

where:
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d r
H“E = m' E[2PCOSU'+2Qsinu’+R]
av , o
dk - m A3 [ZPICOSU +2Q, sinu +R1]
= rd
ak - m A—3 [2P2cosu'+2stinu'+R2]
dp ! .
qd - m E [21’3 cosu' * 2Q, sinu’ +R3] cos i
dq , o
dk - m A_3 [2134 cosu’ -~ 2Q, sinu’ +R4] cos i
aly ndt r(cos f +e)
o7 2 cos[ + a(l—ez) cos (f+1)
aly l—e’2_ ndt r’+r(cosf+e) P,
r11-e? r2de |0° all-e7) ¢ )
2a’ aly _ _ndt r+r(cosf+e) 4 +rsinf
rl-e? r2dk [T\ a(l—o2) cos ( ) a'
a'aly ndt . rsinf
V1o rlak sin [ - a_(l_:‘T)COS(f'r)

(136D)

(136¢)

(137)

(138a)

(138b)

(138¢)

(138d)

(138e)

(139a)

(139b)

(139¢)

(139d)



B a' aly' ' V1-e ndt N rsin f ,
Q, = - cVi-o? 2 4 sin " ———a(l_e?>cos(f+F)
| ~ 2a'a’y ndt _ r sin f r cos f
R, = . r- ——--= f+0y ) + ———
| ! rv1-e? r2dk e\ a(l—e2) cos ( ) a'y
% p = - 3a’' avy ndt £ir
2 1Vi-e2 r2ag ©3HTD
o Sa’a'y’me’i ndt fip
Q2 211 - e? 2 ¢ )
3a’ aye’ ndt
R, = . cos (f+T
2 Y1-e? r2dk ( )
a a'ay’' sinG' sinl ndt
Fs 271-e? ’ r? dk sin f
0. - - a'ay¥l-e'%?sinGsinl ndt ¢
3 271-¢2 r?dk sin
R = e’ a'ay’ sinG’ sinl ndt | ¢
= - - sin
3 Y1-e? r2dk
_ a'ay'sinG'sinl ndt
P, - 2 l-o? . 2 di cos f
. a ay¥Yl-e'?2sinGsinl ndt ¢
Q4 2 r————l_ez 2 dk cos
R = - e’ a’ay’ sinG’ sinl . _ndt ¢
; . o2 2 g €O

Expressions for ndt in terms of the various partial anomalies were given in section 1.

We must now take account of 0, given by Equation (130). Recall:

(139¢)

(1391)

(139g)

(139h)

(1391)

(139j)

(139k)

(1391)

(139m)

(139n)

(1390)
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Then:

2 m'r gH _ m' rr' gH
St C T,z 09f T "5 af (140a)
aQ2 m/r ml rr/
T9r T 2 H = - £'3 H (140b)
a{l )
2 , _r , I
gH — T ™ 2 T 7Mooy (140c)

1f, in Equations (131), we change A3 to -r’'® and omit the term - m' r2/A% these equations are iden-
tical to Equations (140). The results for the second part of the perturbing function are the same
as for the first part if in Equations (139c¢) and (139f) we omit the term r sinf’a’ v and r cos f/a’ »,
respectively, and if, in all equations, we replace A* by - r'3. Consequently, Equations (138) and

(139) show that the expressions for d¥/dk, dy/dk, etc., arising from the second part of the perturb~
ing function, contain terms of the form:

cosu’ - e’ sinu’
——— — and ——

r's r’s

These expressions may be developed in a Fourier series in cos iu’ or siniu’. The coefficients of
these series will be given by:

T

, 1 cosu’ -sing’') cos iu’ du’
/J“i = '3 ( . ] ) N N3 (141a)
a'>m J (1-sin¢’ cosu’)
b= ’i (" s'mu'. sinliu’ du,l . (141b)
a'“7 J, (1-sin¢'cosu’)
where:
e’ = sing’ (142)

and the elliptic equation relating r' to a’, e', and u’ has been taken into account. Integration by
parts gives:

1
m 1 — ;o

1 s iu’ du’ tan ¢

- co.s iu’ du’ A (14321)
o 1-sing cosu’ cos ¢’
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Differentiating this with respect to ¢':

1 A
m : -1 = = ooz ,
cos ¢’ cosu’ cos iu’ du’ itan'" 5 ¢ tan' 5 @' sin¢
P +
0

(l—sind)’cosu’)2 2cos2%¢’ cos ¢ cos? g’
But, multiplying Equation (143a) by:

1-sin¢@’' cosu’

1-sing cosu’

gives:

= t

u [ . . ' i : t
1 cos iu’ du sin ¢ cosu’ cos iu’ du’ B an” 5 ¢
7

0 0

(1-sin¢’' cosu')? : cos @'

(1-sing’' cosu’)? 4

Equations (143b) and (143c) give:

ke i l '
1 cos iu’ du’ tan' 5 ¢ )
pang = (1+1icos¢’)
0

K (1-sin¢’ cosu')? ) cos? ¢’
Applying this procedure a second time:

v

ki ii '
1 cos iu’ du’ tan’ 5 ¢ . 2 . .
; ; 3 S [2+51n @'+ 3icosp' + 1zcos2¢’]
o (1-sing’ cosu') 2cos’ ¢’

Applying the above results to Equations (141), we have:

i-1 l '
tan 2 o2
r= 1 [sin2¢'+icos¢>' +i2cos2¢>']
4 cos? ‘2‘d>' cos3 @'

tani_l l. d)l
2

i [i +'12cos<15']
4 cos? 7 ¢ cos? ¢’

(143b)

(143c)

(143d)

(144)

(145a)

(145b)

Consequently, the perturbation equations for the second part of the perturbation function, may

be written as:

d
a‘{‘ = r3Pyu, + r3Pu, cosu’ + r3Pu2cos 2u’ o+ -

+ r3lelSinu' + r3szsin2u' toeee

(146a)
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o7

dk

dq
dk

where:

except:

L

3
= r3Plu0 t r°Pyu, cosu’ + r3P1;¢2 cos 2u’

+ r3Q, v, sinu’ + r3Q, v, sin 2u’

+ r3Q2

+r3Q3 v, sinu’ + r3 Q,v, sin2u’

(.3 3 3
r°Pypug tr°Pypu, cosu’ +r° Py, cos u’

—3 3 ' 3 '
P,y tr*Pypu cosu’ +r’P, pu, cos2u

+r3 Q v, sinu’ + r3 Q,v, sin2u’

'

m' sing

a'3 cosd ¢’

3 3 3
= r°Pypy t r'Pypycosu’ + rPP,u, cos 2u’

v.sinu’ + r3Q2u2sin2u'

_,.

cos i

cos i

(146b)

(146¢)

(146d)

(146e)

(147)

The quantities P, Q, P, Q,, etc., are given by Equations (139). The total value of dy/dk, d¥/dk,
etc., is given by the sum of Equations (138) and (146).

divide the perturbation function as follows:
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The series given by Equations (146) may not converge when r > a unless only a very small
segment of the ellipse near aphelion is represented by the superior anomaly. This results since
r3 is a factor and if it is large, the convergence is weak at best. To overcome this difficulty, we

(148)



The first term has already been considered. The third term may be integrated in finite terms and

will be considered later.

Consider the second term:

Then:

D

I

|

B-
'»—1[»—!
+

I
wl =
J_J

90, r'oH _ | rr’ gH
df moe20f moo3 of
' ' ' 2
=2’r—H+L:2’&H+ P
" r? r m rd " r
i{l_ Ir_’A Irrl
JH moL2 mos

(148a)

(148b)

(148¢)

Equations (148) will be identical with Equations (131) if, in Equations (131), 4% is replaced by
-r’, and -3’ rr'/r? is added to the second Equation (131). Proceeding as we did in deriving

Equations (138), we find:

_6m'a'a2y ndt

6m' a' a’vy ndt

o2 "2 g sinfsin(f+F)J

_6m'a’a’y’ V1-e'? ndt

R "7 sinfsin(f+r):| cosu’

- |2m' P
L
_ 2mlo
dy , ,
d& T T |mRy-e
L
= |2m' P+
L
- (2m' Q, +

sinfsin(f+F’;’ sinu’

-

2 de

r¥l-e r

6m’ a’ a’y ndt .
1o e? . 2k Cosf51n(f+r)}

6m' a' aly ndt

ryl-e? " r?dk

cosfsin(f+r)} cosu’

6m' a' aly’' V1-e'? . _ndt
rvl-e? r2 dk

cos f sin (f +F’):] sinu’

(149a)

(149b)
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‘ d=
’ Gk - [m'R2+2m’P2c:osu’+2m’stinu’]

d

i - - [m’R3+ 2m' Py cosu’ +2m’ Q, sinu’] cos 1
dq ) ) . . — ;
Gk C - [m R, *2m P4 cosu’ +2m’ Q, sxnu] cos 1

(149c)

(149d)

(149¢)

Equations (149) will be very convergent when the superior anomaly is used but will not be
convergent with the inferior anomaly. Consequently, Equations (146) are used with the inferior

anomaly and Equations (149) with the superior anomaly.

Consider the third term of Equation (148)

Proceeding as in Equations (131), (132), (133), (134), (135), (136), and (137), the perturbation equa-

tions for Q, are:

dy _ , an ar’ ,
dt ~ 2m o2 7? cos fcos (f+)cos f

cos fte o fr r
+y—_‘e2—cos(f+r)cosf — T T

1 r r

'

ar
- 2y =5 sinfsin(f+[)cosf’ -~y 7 coslcos f’
r

r'?
N , cosfte (£+T7y sin f r' r
y' = cos + sin — - T
1-¢e? r? r'?
.
, ar_ '\ oo: . . 8 o /
t oy 3 cosfcos(f+[")sinf’ - v 5 cosi' sinf
r r

ar’

a
2y —3 sinfsin(f+["')sin f’ -'_zsinf}
r r
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a
ac - 2 — Vr—r3 sin f cos (f +[") cos f'

in f ,
+ oy ij}ez cos (f+I) cos f' <r_2 - %)

'

ar a
2y —5 cosfsin(f+I)cos f’ t vy 7 sinl"cos f’
r r

+

r r

, sin f R £ r
04 T_?cos(err)sxnf )

ar’ . a .
+ oy —r3 sinfcos (f+I")sin f' + v/ stnl’” sin f'

]

+ 2y ir; cos fsin(f+[') sin f’ +'—a2 cos f (150b)
r r
d= _ R SfE o
dt - ~3m T o2 ycos (f+) cosf p2 2
r' r
+7"cos(f+F')sinf’<—§* !2> (150c)
r r
dp A ising |y sinG’ sinfeosf! (L - T
dt m oz cosisinI |y’ sinG' sinf cos 2
r’ r
- ¥ sinGsin f sin f' <_2" ,—2> (150d)
r r
= e I G'cosFoosf [ - =
e o Vi sf [ - &
dt m ez cosisinly’ sinG’ cosfco 27 o2
r' r
- ¥sinGceos f sin f’ <_2— ,2) (150e)
r r

The perturbation equations have now been written in a form proper for integration in all cases.
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V. SERIES EXPANSION OF a™"

Consider a general periodic function.

X = a, +t a, cosx +azcos2x R 4 ancos“x

+ sin X (60 +ﬁ1 cos X +52 cos?x - +'Bn‘1 COS“_I X) (151)

We will show that this can always be written in the form:

X = ¢ [1 - q, cos (x - Ql)] [1 - q, cos (x - Qz)] e [l - q, cos (x - Qn)] (152)
Define:
1
tani X =y (153)
Then:
. 2 _o1-y?
sinx = W cosx = 1 ty? (154)

Equation (151) may be written as:

X - (1 +1y2)n [ao (1+y2)n * ax(l‘yz) (1+y2)n_1

+ a, (1-y2)2 (1 +y2)n—2 T e +an (I_YZ)I}

+ (—1%2)" [@0 (1 +y2)n‘l+ B, (l—y2) (1+y2)n—2

4+ e 4+ E"_l (l_yz)n—l] (155)
Suppose:
Xy = o (156)

Equation (156) is of degree 2n and may be written:

0 = C2" y2n + C2n_lyZn"l 4o 4 c,y 4 <y (157)
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Let the roots be:

1 <2 * “n
by, by, » by
Then;
X{+y?)® = cpu(y-a) (y-by) (y-a,)(y-b,) -+ (v-a,)(y-b,) (158)
or:
x(1+y2)n - C2n(y2_sly+p1) (y2_52y+p2) (y2-Sny+pn) (159)
where:
ay tby T o8y ab, = p
a, + b2 = s, a2b2 .
. S - 160
an * bn - sn an bn - pn ( )
We can always select s; and p, to be real. Since:
1
y = tan 3 X
1
1+y?* = sec?3x
Consequently:
1 1 1
X = Chn Cos2“7x (tanzix—s1 tan ‘2‘x+Pl)
1 1 , 1 1
x (tan? 3 x-s, tan 3 x+p,| -+- (tan 5 Xx=s_ tan 5 x+p_ (161)

If we multiply each factor by cos? 1/2x, it will take the form:

1 1

sinzix - s sin 5 xcos 2 xt p cos?

1
Ex
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or:

1 1 1
5 (1+p) -5 (1-p)cosx - 5 ssinx

Define:
1-p, Sy .
1p, = q, cosQ T+p, q, sinQ,
1-p, ) .
1+p, - 9z2°¢08 Q, 1_+f>_2 = q,sinQ,
l—pn n —
1 +pn = qn cos Qn 1 +p N qn sin Qn (162)
and:
1
e = (e (1ee) o (1vw)
or
¢, (1 +pl) (1 +p2) (1 +p3) (l +pn)
c = - (163)
2"a,a,a, ©a, b1b2b3 . b
Equation (155) becomes:
X = c[l—qlcos(x—Ql)] [l—q“cos(x—Qn)]

that is, we have proved Equation (152).

The case n = 2 will of some interest. Comparing terms in Equations (155) and (157), we have:
(ao-al+a2)y4+2(50—Bl)y3+2(a0—a2) y2+2(ﬁ0+51)y+ (a0+al+a2) = 0. (164)
Equation (151) is:

X = ag-a;cosx + a,cos?x - B sinx + B, sinxcos X (165)
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Write:

x =

Comparing terms, we have:

Hence:

Define:

Then:

q q,
c [1— ?COS(X‘Q)] [1 - ?cos(x-Ql)]

aq,
ct sianian

qcosQ + q, cos Q,

qq,
< cos(Q+Q,)

qsinQ + q; sinQ,

qq
Tl sin (Q * Ql)

ta“(Q+Ql) - T:
Q+Q = 20
Q-0 = 2u

By

tan 20 = a_2
Q = 0 +w
Q, B8 ¢ -w

(166)

(167)

(168)

(169)
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Eliminating Q and Q, from Equations (166), we have:

Define:

qq,
c o (sin2€— sin2a;)

aq,

= o cos 26

- (Q*Ql) cost cosu — (q— ql) sinti sin .

= (q+ql) sinY cosw + (q—ql) cos i/ sin.«

aq,
= — sin2 (170)
. L2 .
ag' ay t o, sin®t - B sint/ cosd
. .
a, ® a,cost t B, sind
a, - a,cos20 + B sin 20
By = Bycosid - a,sint (171)

The quantity ¢ is determined by Equation (169). With the aid of Equations (171), Equations (170)

become:

qq,

ay = ¢~ o sin?
a/ = (q + ql) cos «
aq,
a, T T
Ay 7 (a- q,) sinw (172)

We are going to require that the q's always be positive. In this particular case, this requires

that +, be positive. Consequently, we select the value of v satisfying Equation (169) so that «,’ is



T T TWRYTT™WYT

positive. Define:

qcosw = a) -7 q,cosw = 7
gsinw = ,80' + £ q, sine = ¢
qq
c = a) ¢ or [ = —C—lsinzw (173)
Equations (172) and (173) give:
(@ *2) 0 = (5 &) (174a)
ay o +2) = (@ =) m + (8 +£) (174b)
(ay =m) & = (8, +£)n (174c)

Equations (174) must be solved to obtain {, 7, and ¢£. Equations (174a) and (174b) give, by
subtraction:

(oq + é) (a2, - 5) e (“11 - T}) i (175)
Equation (174a) may be written;
l 2 ' - l ' - 2
387 (a + )L 7 \g By +eE (176)
Using Equation (174), we have;
1 ., . _ 1 ¢
7/80 + £ = a5 oay ? (177)
Equations (176) and (177) yield:
1 1 2
s ,802 + (ao + Q) r = iy ao'z % (178)

Now, Equations (174a)and (175) may be written as:

(e + 1) ¢
Byt & = 7 z
. _ (2 + 1) (a5 -2)
al - m - n
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Inserting these into Equation (174c) gives:

e (179)

Eliminating :2/n2 between Equations (178) and (179) gives:
-3 [ N os2 oy l2+l,f€12_ ' AT 1_»,2 ' -
» (“0 “2) ‘ 4 "y 4 7o o g T4 o T 0 (180)

Equation (180) determines the possible values of .. Equations (174a) and (175) may be written in

the following form.
S A IR A (181)

n? - a7 (ao' + g) (‘12' - ) -0 (182)

For each value of {, we can determine values of - and . To determine which roots of Equations
(181) and (182) are to be taken together, the following condition must be satisfied.

a = By 4

(183)

Which pair of roots satisfying Equation (183) is taken is unimportant as this simply results in a
permutation of the factors in X.

We may have some use of the particular case, 5, = 0, and «, very small. If 8, = 0, Equa-
tion (169) gives v = 0. Equations (171) become:

0 0
dl - ay
« 2' = a,
By 7 By
Also, from Equation (169):
w T 0 - Q,
Define:
y fsinF
& f cos F
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Equations (180), (181), and (182) become:

4a, a 4(a - a 4
g = azsin2F+k(;'2—2 —_——;2 2) CZ_f_zgs
(ao+€)C 1
¢ TE RS
(%*C}(ao—l) 1
m o= T T to
“1 i

If a, is small, these equations may be quickly solved by iteration. Let us now return to the gen-
eral case,

Recall Equation (155).
X = c[i-a,cos(x-0)] - [1-q,cos(x-0Q)]
Let:
f, = c - aq cose,
¢, o+ x - Q (184)

In problems of interest to us, q, <1. Define;

¢, = 180° - 29/
Then:
2q,
£, = (c+q,) [1 - C—T:]—i sinzwi’] (185)
We may write:
X 8 ¢ f - f, £,

We will be required to determine X "’? where n is an integer. Now:

x—n/2 o C—n/2 f;n/Z . fz_"/Z . f—n/2

n
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But, f, is given by Equation (185) and this is of the form of Equatio

n (2
in detail for n = 1. In the general case, the equations of section II bec

(l-s2sin2k)_“/2 = ay - 2a,cos 2k + -
/2
N 2 cos 2ik dk
Tty 2 ;21 \n/2
o (1'6 sin k)
0 = (2i+n-2)e’a, , - 4i(2-¢Y) a,, + (2i-n+2)ela
_ 2i+tn-2 e? Ty
Py = 4i a2 Vi T oa,

L. @itm@iin-2) [ e :
2 161(1 ~1) 2-¢?

The approximation for »,; is:

-t

1 n(n - 2)
Ya: sec2§X 1 ETEEEY) sin23X
where:

€ = siny

i

1
cos Y tan (45 -7 X)

We will be somewhat interested in the case n = 3. We have:

i = L p Ak

° m 0 (1"62 sinzk)f*/2
Since:

JETIRN U (Y 'S

’ " o (l—e2 sinzk)‘/z
and:

s o 11 __cosakde

: v o (l—e2sin2k)3/2
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we have:

1 1
ao(l) = <1 ) 62) a3 + 3 €2 a2(3)
But, the definition of p,, gives:
af® = p g (P
and
(D
0
a3 =
0 1 1
1-5e?+5e2pM®
Returning to the expansion of f™*'2, if we define:
sinX = %
we write:
£/ = Ho t 2p cosd t 2u, cos2p + v -
where:
/J4i = Mo.p2.p4... p2i
Forn = 1:
o (C +q ) 1/2 T dk
o 7 2q, /2
L b ctaq, sin? @,
1
Forn = 3:
@) = (c*ta)®2 (7 dk
Ho - ™ 2q 3/2
0 i
1 sin? ¢,

(186)

(187)

(188)

(189)

(190)
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Hence:

(1)
i
ug® = 0
c-aq; p¥
We now write:
[1 -q, cos (x— Ql)] EE pt + 2u P cosQ, cos x + 2,01 cos W, cos 2x +

+ 2#1(” sinQ, sinx * 2;L2(l) sin 2Q, sin 2x t

[1 -a, cos(x-Qz)] 2= u D+ 24D cos Q, cosx + 2u,? cos 2Q, cos 2x +

+ 2u sinQ, sinx + 24(?) sin 2Q, sin 2x + -+ -

write:
X—n/2 -

[m, 0] + 2[m, 1] Scosx + 2[m, 2] cos 2x +

+ 2[m, 1] sinx + 2[m, 2], sin 2x ¢

where, m is the number of factors in X. Then:

= -n/2 (1y . 2) ... i’ ;7 e ; (m
(m, €], c E }.Li,) T pi(z“"?) cos(1 Q, ti"Q, ¢ + 1 )Qm)

and:
[m, ,{}s = ¢Tn/2 E #i('l) . #i(”2) #i((rnnz) Sin(i'Ql+i”Qz b oees ¢ i(m)Qm)

where:

P AR S S T A R

The sum is over all values of combinations of i’, i’ - -+, i’ , which sum to !,
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etc. .(192)

(193)

(194)

(195)



Recall the elliptic equations.

-
|

a'(1-e'cosu’)

1

r' cos f’ a’ (cosu’ —e')

r'sinf’ 8 a’'vi-e'? sinu’
Equations (126) and (127) were:

H = cos(ftv+k)cos(f'+tv-k) + cosIsin(f+v+k)sin(f’' +v-k)
and:

A? = 2+ "2 -92rr'H

Combining these with Equations (134) for v, G, ryandy', G', I'", we have:

r'H © Aa’cosu’ + Ba'sinu’ - Ae' a’ (196)
where:
A = ysin(f+I)
B = 7' ¥1-e'2sin(f+[") (197)
and:
A% = a'? + 1?2+ 2e'Aa’r - 2(Aa’ r+a’2e’) cosu’ - 2Ba’ rsinu’ + a'2e’?cos?u’ (198)

We have now expressed A? as a periodic function of u’. By means of the equations of elliptic

motion, we may convert this to an infinite series in powers of sines and cosines of the mean anomaly.

If, in this series, we neglect powers higher than the nth, we will have A? as a periodic function of
sing’ and cos g’ of the nth degree and the results of this section may be applied. The actual appli-
cation will be discussed in Section VI.
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Vi. A DISCUSSION OF THE APPLICATION
OF THE METHOD OF PARTIAL ANOMALIES

Sections I-V of this report provide most of the theory of the method of partial anomalies neces-
sary to be able to apply it to problems of interest. This section will summarize the earlier results
and fill in the few gaps left in the previous sections.

The method of partial anomalies as developed by Hansen (Reference 1) applies directly to the
perturbations produced by a body, considered as a point mass, on the unperturbed two body elliptic
motion. The generalization to more than one perturbing body is obvious, since the perturbations
may be considered as additive in all cases likely to occur. An important application of this method
may be to high eccentricity artificial Earth satellites as well as to interplanetary probes. In fact,
this method will converge for any value of ¢, the eccentricity. The only difficulty occurs if the
perturbation is so large that the orbital character of the motion is completely changed so as to
reverse the direction of motion. Needless to say, this causes difficulty in any known method.

Consequently, in order to apply the method to artificial satellites, the method must be adapted
to the perturbing force due to the departure of the Earth's shape from sphericity. The author of
this report is currently beginning an attack on this problem in order to determine the quantitative
value of this method as applied to high eccentricity satellites and probes. Let us now return to
the problem at hand.

Hansen was interested in applying this method to comets, most of which have high eccentrici-
ties, and partially determined the perturbations on Encke's comet produced by the Earth. In what
follows, 1 shall refer to the comet and the Earth, rather than the perturbed body and the perturbing
body, respectively. It is clear that this '"specialization’ does not cause a loss of generality while
it may maintain Hansen's line of thought in a clearer fashion.

The problem may be divided into three major parts. First, the definition of the inferior and

superior anomalies and their auxiliaries, X,, K,, K., K,, and the intermediate anomalies. The

30
equations of elliptic motion are then expressed in terms of the appropriate partial anomaly. This
part of the problem is dealt with in Section I. We have seen that the comet's ellipse may be divided
into any number of segments in an arbitrary manner. Exactly how this is done will be determined
by the specific problem and by the choice between rapid convergence and the number of series
which must be developed. Since a new set of series is required for each segment of the ellipse,

it is obvious that we will reach the point where the work required by n sets of series is not worth

the greater convergence obtained by dividing the ellipse into n segments rather than n - 1 segments.

Once we have expressed the motion of the comet in terms of the partial anomalies, we turn to
the second part of the problem. This is the development of various functions, such as the perturb-
ing function, in trigonometric series of multiples of sines and cosines of the partial anomalies.

Once expressed in this form, integrations are readily performed. This development in trigonometric
series has been discussed in Sections II, IV, and V.
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The expressions for sin f and ndt in terms of the partial anomalies in Section I contain radicals
such as (1-¢?sin? k)~'/2  In Section II, these radicals are developed into trigonometric series con-
venient for integration. The end result of Section II is that the elliptic motion of the comet has been
expressed in terms of the partial anomalies in a readily integrable form.

In Section IV, the perturbation equations are developed into trigonometric series involving the
eccentric anomaly of the Earth. The sines and cosines of this eccentric anomaly may be converted
to sines and cosines of the mean anomaly of the Earth by means of the elliptic equations and is
generally performed by means of Bessel functions. This is discussed in standard texts on celestial
mechanics. Finally, by means of Equation (84):

g: = n't + ¢’

we express the perturbation equations in terms of sines and cosines of c¢'. Since c'is independent
of the partial anomalies, integrations are readily performed.

In Section V, A™" is developed into trigonometric series involving the Earth's eccentric anomaly.
Again, these may be converted to a trigonometric series in ¢’ and again we have a form convenient
for integration.

The second part of the problem having been completed, we turn to the third and final problem.
This is the determination of the constants of integration, which was discussed in Section III. Since
each segment of the ellipse is represented by a different set of series, each segment will have its
own constants of integration. These are determined by initial conditions, such as the initial values
of the orbital elements of the comet, and by the condition that we have continuity at the points of
separation which divide the various segments of the ellipse.
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